The 'fixed-point-free automorphism conjecture' asserts that if a finite group G admits a fixed-point-free automorphism group A (and, if A is noncyclic, further suppose that (|G|, I A\) = 1), then G is soluble. This paper is the first in a four part series, which considers the above conjecture when A is cyclic of order rst where r, s and t are distinct prime numbers. 1* Introduction* Suppose G is a finite group. For A a subgroup of the automorphism group of G we say that A acts fixedpoint-freely upon G if and only if C G (A) = {g eG\a(g) = g, VaeA} = {1}. When A = (a) is cyclic we sometimes say a acts fixed-point-freely upon G. Let r, s and t denote distinct prime numbers. The main result to be proved here is THEOREM 
A finite group which admits a coprime fixedpoint-free automorphism of order rst is soluble.
In [15] the above result is obtained with the additional assumption that rst is a non-Permat number (for the definition of a nonFermat number see § 4). The main result of [15] has been further extended in [17] where the 'fixed-point-free automorphism conjecture' is established for automorphisms whose order is a non-Fermat squarefree number. The 'fixed-point-free automorphism conjecture' asserts the following.
If a finite group G admits a fixed-point-free automorphism group A (and, if A is noncyclic, further suppose that (\G\, |A|) = 1), then G is soluble.
References for other works which contribute to the solution of this problem may be found in [13] and [16] .
We now review the strategy of the proof of Theorem 1.1. A substantial part of our arguments will be in the context of a minimal situation. So let the pair ((•?, <α» be a counterexample to Theorem 1.1 chosen so that |G| + |<α>| is minimal. Lemma 3. 13 demonstrates, in such a group, the existence of certain α-invariant nilpotent Hall subgroups. Let L and M denote (respectively) α-invariant nilpotent Hall λ-and ^-subgroups of G. By (2.22) the number of maximal 202 PETER ROWLEY α-invariant {λ U ^-subgroups of G is at most two. Making use of this fact, for various choices of L and M, we deduce the possible consequences when L and M do not permute. Such deliberations are sometimes referred to as 'local analysis'. The structural consequences predicted by the local analysis must, in some way, be woven together to present 'global' information about G. Frequently the transition from local to global information in this type of problem is achieved by factorizing G as the product of two proper α-invariant subgroups. In [13] and [14] the local information obtained leads fairly naturally to a 'useful' factorization. In proving Theorem 1.1 there arise many more possible interactions globally (that is, the local deductions are not as restrictive as in [13] and [14] ). The diverse possibilities (globally) force us to consider the interaction between more than just a pair of α-invariant nilpotent Hall subgroups. We have termed results dealing with such situations as 'linking theorems'. Valuable contributions to the proofs of the linking theorems are made by (2.6), (2.14), (2.26), the (so-called) triangle lemmas and Theorem 4.4.
Let P denote the (unique) α-invariant Sylow ^-subgroup of G. We say P is of type Δ where Δ £ A = {1, 2, 3} according to the triviality or otherwise of C P (a j ) for various j (a precise definition is enunciated in § 3). Depending on whether Δ -A or Δ Φ A the 'nuts and bolts' of the proofs of certain technical lemmas will differ. For example, if we have two α-invariant Sylow subgroups of types (say) Δ and Γ with Δ Φ A Φ Γ, then results such as (2.11) are available. Whilst, if Δ = A = Γ f then the two α-invariant Sylow subgroups will have more interaction between their α-invariant subgroups (see for instance Lemma 3.14) , which, sometimes, may be exploited to advantage. A further general point is that, unlike most current work on nonsoluble finite groups, during the proof of Theorem 1.1 we have few encounters with centralizers of involutions. However, a fortuitous meeting in the proofs of Theorem 8.6 and Lemma 14.10 helps us out of a potential empasse.
The proof of Theorem 1.1 will be presented in four parts; our section numbering will run through all the parts. The material presented in Part I is of a more general nature and also covers much of the groundwork for [17] . Section 2 establishes notation and reviews results from other sources. In § 3 we introduce the concept of the 'star-subgroup' and the 'type' of an α-invariant Sylow subgroup. The star subgroup figures prominently in § 4 where we study soluble groups which admit a fixed-point-free automorphism. Section 5 contains certain preliminary observations pertinent to the linking theorems, and includes the 'triangle lemmas'. Some criteria for normal ^-complements are noted in § 6. In § 7, contained in Part II, we begin the proof of Theorem 1.1 in earnest; § 7 catalogues the FIXED-POINT-FREE AUTOMORPHISM I 203 local information relevant to Theorem 1.1. The remaining two sections of Part II are devoted to establishing various linking theorems.
The sequel to Part II is wholly concerned with showing that the α-invariant Sylow subgroups of type A -{1, 2, 3} (in a minimum counterexample) generate an α-in variant soluble subgroup. It is left to Part IV to examine the various factorizations that arise and draw together the threads of the proof, from which we infer that no counterexample can exist.
During the course of this work I enjoyed the stimulating hospitality of the Mathematics Institute at the University of Warwick. Also, I would like to thank Dr. Trevor Hawkes for supplying the example following Theorem 4.4, and Jenny, my wife, without whose financial and moral support this work would never have seen the light of day.
2* Assumed results and notation* The notation of [7] will be adhered to as much as possible, and all groups considered in this paper will be assumed to be finite.
The first result summarizes certain well-known properties germane to fixed-point-free automorphisms which will be used frequently. When A is cyclic, (2.1)(i) is proved in Lemma 10.1.3 of [7] and, when A is noncyclic, (2.1)(i) follows from Theorem 6.2.2 of [7] . For verification of the remainder of (2.1) see [(2.1); 16].
(2.1) Let G be a finite group admitting a fixed-point-free automorphism group A (and if A is noncyclic also assume (|G|, \A\) = 1). Then (i) If N is a normal A-invariant subgroup of G, then A acts fixed-point-freely on G/N.
(ii) For each p e π(G) there exists a unique A-invariant Syloŵ -subgroup, P, of G and, moreover, P contains every A-invariant p-subgroup of G; (iii) If H is an A-invariant subgroup of G and P is the (unique) A-invariant Sylow p-subgroup of G, then HΓ\P is the (unique) Ainvariant Sylow p-subgroup of H.
(iv) If G possesses an A-invariant Hall π-subgroup H, then H contains all A-invariant π-subgroups of G. Also, if K is an Ainvariant subgroup of G, then KΓϊH is the A-invariant Hall ττ-subgroup of K.
(v) If G is soluble, then, for each set π of primes, there exists an A-invariant Hall 7r-subgroup of G which (by (iv)) is unique and contains every A-invariant ττ-subgroup of G.
(2.2) Suppose G is a finite group admitting the automorphism 204 PETER ROWLEY a fixed-point-freely.
(i) (Thompson [19] ). If |<α>| is a prime, then G is nilpotent.
(ii) (Ralston [14] ). If |<α>| -rs (where r and s are distinct primes), then G is soluble.
Our next result is a compendium of results pertaining to coprime operator groups.
(2.3) Let G be a finite group admitting A as a coprime operator group.
( 
(xiii) For each p e π(G) there exists at least one A-invariant Sylow ^-subgroup and any two A-invariant Sylow p-subgroups of G are conjugate by an element of C G (A). Also, every A-invariant psubgroup of G is contained in some A-invariant Sylow ^-subgroup of G.
(xiv) Assume G is soluble and π is a set of primes. Then G possesses at least one A-invariant Hall ττ-subgroup, any two Hall TΓ-subgroups are conjugate by an element of C G (A) and every A-invariant π-subgroup of G is contained in an A-invariant Hall τr-subgroup of G.
(xv) Suppose that A = BC where B ^ A and C<3A, that
Proof. For parts (i)-(x) consult (2.6) of [16] ; the proof of [Theorem 5.2.3; 7] may be used to show that, in (i), the sum is direct when G is abelian. Part (xi) follows by combining parts (i), (ix), and (x), and part (xii) is given as Corollary 2 to Theorem 3 in [5] . For part (xiii) see Theorem 6.2.2 of [7] ; taking into account [Theorem 6.4.1; 7] the proof of Theorem 6.2.2 of [7] also yields part (xiv). Part (xv) may be verified as follows. From (vi), both C G {B) and C G (C) are A-invariant and a double application of (ix) (with B and C in place of A) yields that [G, B] <, C G {G) and that For P, a p-group, J(P) denotes the Thompson subgroup of P, as defined in [p. 271; 7] . In establishing certain 'linking theorems' the next theorem is of great help.
(2.6) Let G be a soluble group admitting A fixed-point-freely and let P be the A-invariant Sylow p-subgroup of G. If A is noncyclic also assume that (|G|, | A\) 
We also require a slight extension of (2.6); (2.12) of [16] furnishes a proof for (2.7).
(2.7) Let G be a soluble group admitting a fixed-point-free automorphism group A (with, if A is noncyclic, (|G|, |A|) = 1) and assume that G possesses an ^.-invariant nilpotent Hall ^-subgroup, N say. Then
The next result, (2.8), appears as Theorem 4.1 of [14] for the case I (a) \ = rs (r and s distinct primes), but the proof is valid for any a of square-free order; (2.9) may be established by a proof analogous to the one given in [14] for Lemma 3.5 (and does not require a to be of square-free order).
(2.8) (Ralston) . Let G be a finite group admitting a fixed-pointfree automorphism a of square-free order, and let P denote the α-invariant Sylow p-subgroup of G. If C P (a j ) = 1 for all j, 1 ^ j < |<α>|, then P is a direct summand of G.
(2.9) Suppose G is a soluble group admitting a fixed-point-f reely.
(2.10) Let G be a group admitting the coprime fixed-point-free automorphism a of order rs (where r and s are distinct primes), and set p = a 8 and σ = a r . Let P denote the α-invariant Sylow psubgroup of G, p a prime. Then (i) G has Fitting length at most 2;
(ii) if P = C P (p)C P (σ), then G has a normal p-complement; and
Proof. (i) From (2.2)(ii) G is soluble and so, by the main result of Berger [1] , has Fitting length at most 2. (ii) The proof given for Lemma 3.2 of [14] suffices to establish (ii), since the solubility of G removes the need to employ the Thompson normal ^-complement theorem in that proof.
(iii) See Theorem 3.3(i) of Ralston [14] .
We shall rely upon the ensuing four results frequently. (2.13) Let G be a soluble group admitting a coprime automorphism α of prime order and let H be an α-invariant Hall π- admitting a coprime cyclic automorphism group A which centralizes Z{P) and acts regularly upon P/Z(P). Let G denote the semi-direct product of P with A. Suppose G is faithfully and irreducibly represented on the iΓ-vector space V, where K is an algebraically closed field and (char if, \G\) = 1. If 1 denotes the character of this representation of G on V and p the regular character of A, then where μ is some irreducible character of A and δ = +1 or -1. 
(G).
A further piece of notation is the following: if G is a group which admits A as an operator group, then, for aeA, C G {a) will frequently be denoted by G a .
As intimated in the introduction, most of our subsequent arguments will be in the context of certain 'minimal situations'. Accordingly, we introduce the following hypotheses.
The pair (G, A) will be said to satisfy Hypothesis I if G is a nonsoluble group admitting A as an automorphism group fixed-pointfreely and satisfying ( i ) Part (iv) of Hypothesis I will be satisfied provided that the 'fixed-point-free automorphism conjecture' has been verified for all B S A.
(ii) In Hypothesis III we note that part (iii) is a consequence of part (ii) (of Hypothesis III), the nonsolubility of G and a theorem due to Feit and Thompson [4] .
As in [16], when (G, A) satisfies Hypothesis I and H is a proper A-invariant subgroup of G, (H) π will denote the (unique) A-invariant Hall TΓ-subgroup of H (which exists by (2.1)(v))
, where π is a set of primes.
For the remainder of this section we shall assume (G, A) to be a pair which satisfies Hypothesis I. Additionally, we will suppose (up to and including (2.23) that G possesses A-invariant nilpotent Hall λ-and μ-subgroups denoted (respectively) by L and M. In such a situation, ^(x, μ) is defined to be the set of all maximal Ainvariant {λ U ^-subgroups of G. The 'local analysis' of G is concerned with the number of elements of ^#(λ, μ) and their group theoretic structure. Clearly, (using (2. 
(2.19) (Martineau [11] and Ralston [14] ; see also [(2.11); 16]). Suppose He^{X 9 μ)
(2.20) (Martineau [12] and Pettet [13] ; see also [(2.18) In certain situations that we shall encounter, the following result is indispensable. Let L and M be two proper A-invariant subgroups of G (not necessarily nilpotent Hall subgroups). We define &* L (M) to be the largest A-invariant subgroup of L which is permutable with M. 3.1. Suppose G is a finite group admitting the automorphism a. Let H be an a-invariant subgroup of G and let </3) be a subgroup of (a). Then set H? β> = (C H (β j )\l ^ j < | </3>| > ('the star-subgroup of H with respect to </?>' )• That in, H* β> is defined to be the subgroup of H which is generated by the fixed-point sets (in H) of the nontrivial powers of β. When (βy = (ay and there is no possibility of confusion, H* a > will be written as just H*.
REMARK. We may rephrase (2.8) as follows:-suppose G is a finite group admitting a fixed-point-free automorphism a of squarefree order and let P denote the α-invariant Sylow p-subgroup of G. If P* = 1, then P is a direct summand of G.
In Lemma 3.3, after a further definition, we collect together some elementary properties of the 'star-subgroup'. DEFINITION 3.2. Let G be a group admitting a fixed-point-free automorphism a, let H be an α-invariant subgroup of G and let /3 6<α>. Then H is said to be star-covered with respect to (β) if only if for each α-invariant subgroup K of H, K = if<*>.
Again, when (β) -(a), and confusion is unlikely, H will just be referred to as being star-covered. Observe that, if H is an ainvariant subgroup of G which is star-covered with respect to </3>, then all α-invariant subgroups of H are, likewise, star-covered with respect to </3>. LEMMA 
Let G, a, H and β be as defined in Definition 3.1. ( i ) H* β> is an a-invariant subgroup of G. (ii ) If K is an a-invariant subgroup of H, then K* β) ^ H* β) .
(iii) If <τ> ^ </3>, then Ht r> £ iϊ<%. (iv) J?δ>=<C ir (7) 
vi) // (\H\, \(β}\) = 1 and N is an a-invariant normal subgroup of H, then (H/N)f β> -(H* β) N)/N. (vii) Suppose that (\H\, | (β} |) = 1 and that N is an a-invariant normal subgroup of H. If both H/N and N are star-covered with respect to (β) then H is star-covered with respect to
Proof. Parts (i), (ii) and (iii) follow from the definition of the star subgroup.
(iv) Since, for each j
( v ) Let 7 6 Ω£($»*. Then (β k ) ^ <7> for some k e {1, , m}. Now (v) follows from (iv).
(vi) Let bars denote images in H/N. For Lemma 3.4 and its corollary, and Lemmas 3.6 and 3.7, (G, A) will be assumed to be a pair which satisfies Hypothesis I with A{-<α>) cyclic and, furthermore, the following additional properties are assumed to hold:-( i) π is a subset of π(G) for which a k = β acts fixed-pointfreely upon all α-invariant ττ-subgroups of G (that is, C G (β) is a π'-subgroup); and (ii) peπ with (p, \(β) |) = 1. Also, P will be used to denote the α-invariant Sylow ^-subgroup of G. LEMMA 
If R is a nontrivίal a-ίnvariant p-subgroup of G containing P<*>, then (N G (R)) S ^ (N G (P)) π .
Proof. Choose R maximal with respect to the following properties.
(1) β is an α-invariant p-subgroup; ( 2) R ^ R; and
Clearly, there exists at least one such R. Since R is nontrivial, because Hypothesis I holds for (G, A), N G (R) is a proper α-invariant subgroup of G and therefore must be soluble. Hence K/R is soluble, where K -(N G (R)) π .
As (p, I </3> I) = 1, (N P (R)/R)f β> -1 by Lemma 3.3 (vi) and so, from (2.9), N P (R)JR^K/R since K admits β fixed-point-freely. Thus N P (R) ^ K which, together with (3), implies that
Since N P (R) also satisfies (1) and (2), N P (R) = R by the maximal choice of R. Consequently P = £ and therefore
We have the immediate R be a nontrivial a-ίnvariant p-subgroup containing P* β> . Then,
where L is any a-invariant subgroup ofK;
(ii) C κ (Pΐβ>) -C K (P); and (iii) (C 0 (P*)) p r = (C G {P)) P , {recall that P* means P<*>).
. Now /3 acts fixed-point-freely upon L and P<*> ^ R, and so applying (2.14)(ii) to PL, yields that [P, L] ^ #. By (2.3)(vii) (with L as a coprime operator group on P) [ 
(ii) If P<% = 1, then the result is obvious from (2.8). So we may suppose that P<*> Φ 1. Applying part (i) with R -P<*> and L = C κ (P? β> ) yields that
(iii) This follows from (ii) with π = ττ(G) (since α acts fixedpoint-freely on G).
We note the following 
, it will be sufficient to establish the reverse inclusion. Let R be an α-invariant p-subgroup which is maximal (under inclusion) subject to containing P<*> and satisfying
and so, by the choice of i2, N P (R) = JS. Therefore P = R, and the lemma follows. We now make a further definition. DEFINITION 
Let P be an α-invariant Sylow £>-subgroup of G where peπ(G).
Then P is said to be of type Γ (where Γ is a subset of A) if and only if ίe Γ implies P a . φ 1 and i g Γ implies P^ = 1 (recall that P,. stands for C P (α,)). Proof. This will be done by induction on \(a)\.
First observe, by (2.2)(i) and (2.8), that we may assume n > 1 and Γ Φ <ρ.
Let j e Γ. Since C G (aj) admits α x a d -t a i+ι a % = β fixedpoint-freely and \(β}\ < \(a}\, we deduce that C G (a j ) satisfies the conclusion of the lemma. Now (by (2.1)(iii)) C P (a 5 ) is the α-in variant Sylow p-subgroup of C G (a 5 ) and hence must also be the (unique) β-invariant Sylow p-subgroup of C Q (a ά ) (see (2.1)(ii)). Likewise C Q (a ό ) is the /3-invariant Sylow g-subgroup of C G (a j ).
With respect to β, C P (a 3 
if E denotes the inverse image of (N P (D)) ai in N P (D), [E, C Q (y)] -[[E, C Q (y)], C Q (y)] = 1. Therefore E=D and so we conclude that N P (D) = 1.
Consequently P = D and so [P, CQ(T)] = 1 in this case as well. (ii) If Γ and zί are subsets of Λ, then JQΓ implies that LEMMA 
Suppose (G, (a)) satisfies Hypothesis II and let Γ be a subset of Λ. Then ( i ) for each ieΛ, JS^ is a nilpotent a-invariant Hall subgroup of G; (ii) if Γ Φ 0, fjtfr is a nilpotent a-invarίant Hall subgroup of G; and (iii) [:^% (C G (δ)) r ] = 1 where η = (τf Γ )', 8 = Ihe.a, and Δ = A\ί\
Proof. ( i ) Clearly (because of (2.2)(i)) we may suppose n > 1 and, without loss of generality, we set i -1. Let P and Q be, respectively, (nontrivial) α-invariant Sylow p and g-subgroups of G such that P aι = Q αi = 1 with p Φ q. Suppose P and Q are, respectively, of type Δ and Γ and set 8 = H ie j^i and 7 = ILer^ Note J,Γ£{2, ...,^}.
To establish (i) of the lemma, it will be sufficient to show that [P, Q] = 1. This may be achieved by demonstrating the existence of an α-invariant {p, #}-subgroup H 1 (G r (ii) Since Jif ι ^ 2^ for some ieΛ, (ii) is an immediate consequence of (i).
(iii) If P is the α-invariant Sylow p-subgroup of jχf Γ , then P will be of type Ψ where Ψ^Δ. From Lemma 3.10 [P, (G r ) p >] = 1 where 7 = Πter^ΐ Since Ψζ^Δ, G δ ^ G r and now (iii) follows.
We next give a result concerning Sylow subgroups of type Γ when n = 3. LEMMA 
Let P and Q be (respectively) the a-invariant Sylow p-and q-subgroups of G with p, q e π(G) and p Φ q. If P and Q are both of type Γ and n = 3, then there exists a nontrivial ainvariant p-subgroup P 1 of P* and a nontrivial a-invariant qsubgroup Q λ of Q* such that [P u Q λ ] -1.
Proof. First suppose that at least two of C P (a ι a^), Cpia^) and C P (a 2 a 3 ) are nontrivial. Suppose Cpia^a^ Φ 1 Φ Cpia^).
Since C^a^ and G G {a x a z ) are both nilpotent, either the lemma holds or Q(α,α: 2 ) = 1 = Cqia^).
But the latter possibility yields, by (2. REMARK. We note that Lemma 3.14 does not hold for n ^ 4.
In § 7 we shall specialize to the case | (a) \ = r x r 2 r z \ from that section onwards we shall employ the following additional notation. 
In this new notation Lemma 3.12(iii) asserts that
J
The unique α-invariant Sylow 2-subgroup of G will be denoted by T. 4* Soluble groups admitting a fixed-point-free automorphism* In Theorem 4.4, the main objective of this section, a type of structure theorem is established for a soluble group admitting a fixed-pointfree automorphism which involves star-subgroups of certain subgroups of the soluble group. Some consequences of this structure theorem will also be discussed. We remark that there exist infinitely many non-Fermat numbers which are square-free.
Before stating the first lemma of this section, which contains the bulk of the work in proving Theorem 4. 4 Proof. Assume the result is false and choose G and V to be a counter-example to the lemma, subject to \G\ + dim Fg Vbeing minimal. Thus C v (a) -0. Note that a positive integer divisor of a non-Fermat number is also itself a non-Fermat number.
Suppose F is a field which contains a copy of F q . Then it is well known and easy to show that
and so C {F ® FqV) (a) -0. Thus, for the remainder of the proof of this lemma we shall assume V to be a vector space over F where F is a field containing a copy of F q and which is algebraically closed. We next observe that the minimal choice of G and V forces V to be an irreducible FG-module. If V were not an irreducible FGmodule, then use of Maschke's theorem gives V = E/i© £/ 2 φ 0 U d where each U t is an irreducible FG-module and d > 1. Since G acts faithfully upon V and P is nontrivial (by assumption (i)), there exists at least one U ό for which P ^ ker U, . In view of P/φ(P) being irreducible under the action of <α>, PΠ ker U ό ^ Φ(P). Consequently
and so the fact that <α> is regular upon P/φ(P) demands that (a) Π ker U 3 -= 1. Therefore ker U, ^ P and so ker U ά ^ φ(P). Since dim^ Uj < dim^ V and the pair G/ker U 3 Since the act of 'inducing up a module' is transitive (see [Theorem 4.4.4; 7] ), we may suppose that V= U σ where U is an iϊ-submodule of V and H is a maximal subgroup of G. We now consider two cases depending on whether P ^ H or P ^ H.
Suppose that H contains P. Then clearly H=P(Hf)A) and [G: H] is a prime number. Since P^G, ker U cannot contain P (otherwise P ^ ker V; see [Theorem 4.4.3; 7] ) and thus P(Ί ker U S P. From [ker 17 n (HΓiA), P] ^ ker J7Π P S P we may infer (using the regularity of A upon P/φ(P) and the fact that φ(P) (ker Un P) = P implies P=ker UnP) that ker Un (Hf]A) 
implies that PΓ\H = φ(P). For, by the irreducibility of A on P/Φ(P), either (PnH)φ(P) = Por PΓ\H^φ(P).
The former gives P= PΓ\H by a well-known property of ©(P), and so Pf)H <^ φ(P) holds. Therefore Since g 2 = gΐ for some αei, fifΓ 1^? = ^Γ 1^ e φ(P). By choice, βr $ φ{P) and so ^ g φ{P). Thus α = 1 by the regularity of A upon P/φ(P). Hence g z = gΐ = g ίf as required. Now a complete set of right coset representatives for φ(P) in Pis, at the same time (because Hf]P = Φ(P)) 9 a complete set of right coset representatives for H in G. By choosing a complete set of right coset representatives for φ(P) in P containing g A for some g e P\φ(P) and using the fact that a e H and <α> acts regularly upon g Λ it may be verified, using the definition of
Hence the objective of showing that d -1 has been attained. Consequently, since V\ D is a direct sum of isomorphic PO-modules and F is algebraically closed, by [Lemma 3.2.1; 7] D 'acts scalarly' upon V and hence G = C G (D) . A further inference from t Z = 1, using [Theorem 3.2.3; 7] , is that I? must be cyclic.
Therefore any characteristic abelian subgroup of P must be cyclic, contained in Z(P) and centralized by A. In particular, P has class at most 2 (otherwise there would exist a characteristic abelian subgroup of P which is not contained in Z(P)). From the regularity of A on P\φ{P), ([P, a]φ(P))/φ(P) = P/φ(P) for each aeA\ and so [P, a] = P for all a e A\ This forces CP(a) ^ P ; for each aeA* for otherwise C P (a) S P' together with (2.3)(i) and (iii) applied to PjP' would yield P Φ [P, a]. Thus A acts regularly upon P\P r and hence must act irreducibly upon P\P f (if not then the minimal choice of G and V would be contravened). So PjP' is an elementary abelian p-group and hence φ(P) ^ P' ^ Z(P) ^ C P (A) (Φ P). The irreducibility of A on P/φ(P) forces φ{P) = P' = Z(P) = C P (A). Let x,yeP.
, T/] = 1, since α? p e Z(P). Hence P f has exponent p as well as being cyclic, and so |P'| = p. We are now in a position to use (2.15). So (in the notation of (2.15))
!^3E
δμ (δ=+lor-l).
If § = +i, then Z| 4 would contain the regular character of A as a constituent which then yields that C v (a) Φ 0. Thus δ = -1. Moreover, (p m + 1)/\A\ > 1 would, again mean that 1\ A has the regular character of A as a constituent. Hence p m + 1 = |A|. Now |A| is odd by hypothesis and so the only possibility is p = 2. Therefore \A\ is not a non-Fermat number and P is not abelian, contrary to Hypothesis (ii). This is the final contradiction, and so we conclude that C v (a) Φ 0.
REMARK. Results of a similar nature to Lemma 4.2 appear in [2] (Theorem 5.1 (a)) and [18] (Theorem 4.1) and, in fact, our proof of Lemma 4.2 could be abbreviated by appealing to these two results.
To facilitate the statements of our next results we introduce Hypothesis 4.3. Suppose G is a soluble group admitting the automorphism a fixed-point-freely. Let H and K denote, respectively, the α-invariant Hall π-and π'-subgroups of G (π a set of primes), and suppose </3) is a subgroup of (a) for which (i) C κ (β) = 1; and (ii) \(β)\ is odd and (|<£>UG|) = 1. Further, if 2 e π, assume that either H is abelian or | </3> | is a nonFermat number. THEOREM 
Assume Hypothesis 4.3 holds. Then H/O K (G) is star-covered with respect to (β).
Proof. Suppose the theorem is false, and let G be a counterexample of minimal order. Since (|(?|, \(β) |) = 1, by Lemma 3.3 (vi) and the minimal choice of G, O π {G) = 1. Thus, as the theorem is supposed false, H is not star-covered with respect to </3) and so there exists an α-invariant subgroup, R, of H such that R Φ R* β} . Clearly we may assume that R is a p-group for some p e π.
By a result due to Hall and Higman ([Theorem 6.3.2; 7])
imply, because of the minimal choice of G, that R is star-covered with respect to </3>. Therefore, as R Φ j β<%, RO π ,{G) = G. Suppose that |ττ(CUG))| > 1 and let qeπ(O π ,(G)). By (2.1)(v), there exists α-invariant Hall {p, <?}-and g'-subgroups of G which (respectively) take the form RQ and RQ λ where Q and Q x are (respectively) the ainvariant Hall q-and ^'-subgroups of O π >{G). Since ϋ?ζ> and RQ λ are proper subgroups of G we have that both R/C B (Q) and RIC R {Qΐ) are star-covered with respect to </3>. Because
Consequently C R (Q) = (C^Q^^Q^/C^Q,) (and this isomorphism commutes with a), and so C B (Q) is star-covered with respect to (β). Applying Lemma 3.3 (vii) we conclude that R is star-covered with respect to </3>, contrary to R Φ R* β> . Hence we deduce that \π(OAG))\ = 1, and so G = RO q (G) (where g is a prime number).
Observe that, as R Φ R? βy and (|G|, | </3> |) = 1, there exists a nontrivial α-invariant section of R upon which </5> acts regularly, ( i) Theorem 4.4 may be viewed as an extension of results such as (2.13) and [Theorem 3.3; 14] . It may also be considered as a (weak) analogue of (2.3)(iv).
(ii) In Theorem 4.4 the presence of the fixed-point-free automorphism is not strictly necessary.
(iii) The following example shows that the 'non-Fermat number' assumption in Theorem 4.4 is necessary.
Let R denote a 2-group of order 2 6 with the following properties. 
Let xeZ(R).
Then R = R/(x) is an extra-special group which admits σ with CR(O) = Z(R). We claim that there exists an F q R module U faithful for R, q £ {2, 3, 5}, and such that U extends to an F q (R(σ)) module with σ acting fixed-point-freely upon U. Let q g {2, 3, 5} be a prime number such that F q is a splitting field for (σ)R and F q contains a 5th root of unity. Let W be an irreducible F q {R{σ)) module faithful for R(σ). Since R(σ) has a unique minimal normal subgroup, there exists such a W. Let F be the algebraic closure of F q9 and set W F = W® Fq F.
Then W F is an irreducible F(R{σ)) module faithful for R(σ). Let X denote the character of W F . By (2.15), since (p m -δ)/\A\ = (4 -<5)/5 must be an integer, %\<σ> -P -f* where p is the regular character of (σ) and μ is some irreducible character of <σ>. Let μ denote the inverse of μ in the character group of <σ>. We may regard μ as a character of R(σ) (note that μ takes values in F q ). Let M be an Typically, in the situations to which Corollary 4.5 will be applied H will be an α-invariant nilpotent Hall subgroup and so, sometimes, the following lemma will be of use. We single out a special instance of Lemma 5.5. Hence the first part of (c) follows; the second part is established similarly (using (b) in place of (a)). This concludes the proof of the lemma.
In Part IV we shall also require the following variation of Lemma 6.2. Proof. Let P denote the α-invariant Sylow p-subgroup of H.
Then, by (2.3)(i) and (ix), P P = P Pσ P Pτ , P σ = P Po P oτ and P τ = P Pτ P oτJ and so it will be sufficient to prove the lemma with π = {p}. Deny the result and let G be a counterexample of minimal order. Note that the lemma's hypotheses hold for α-invariant subgroups of G and α-invariant quotients of G. Hence there does not exist a counterexample, and the lemma is verified.
